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A MONOTONICITY FORMULA FOR MEAN CURVATURE
FLOW WITH SURGERY
SIMON BRENDLE
Abstract. We prove a monotonicity formula for mean curvature flow
with surgery. This formula differs from Huisken’s monotonicity formula
by an extra term involving the mean curvature. As a consequence,
we show that a surgically modified flow which is sufficiently close to a
smooth flow in the sense of geometric measure theory is, in fact, free of
surgeries. This result has applications to the longtime behavior of mean
curvature flow with surgery in Riemannian three-manifolds.
1. Introduction
One of the main tools in the study of mean curvature flow is Huisken’s
monotonicity formula (cf. [12]). In the special case of smooth solution
of mean curvature flow in R3, the monotonicity formula implies that the
Gaussian integral ∫
Mt
1
4pi(t0 − t)
e
− |x−p|
2
4(t0−t)
is monotone decreasing in t, as long as t0 − t > 0. This mononotonicity
property plays a crucial role in the analysis of singularities; see e.g. [6], [10],
[16], [17], [18].
Our goal in this paper is to adapt the monotonicity formula to surgically
modified flows. Motivated by earlier work of Hamilton [8],[9] and Perelman
[14],[15] on the Ricci flow, Huisken and Sinestrari [13] introduced a notion
of mean curvature flow with surgery for two-convex hypersurfaces in Rn+1,
where n ≥ 3. In a joint work with Gerhard Huisken [4], we extended this
construction to the case n = 2. As a result, we obtained a notion of mean
curvature flow with surgery for embedded, mean convex surfaces in R3. One
of the key ingredients in the proof is a sharp estimate for the inscribed
radius established earlier in [2]. An alternative construction was given by
Haslhofer and Kleiner [11]. We note that the surgery construction in [4] can
be extended to flows of embedded, mean convex surfaces in three-manifolds;
see [3] and [5] for details.
Throughout this paper, we will focus on mean curvature flow with surgery
for embedded, mean convex surfaces in three-manifolds. It turns out that
there is a monotonicity property for surgically modified flows which is similar
The author was supported in part by the National Science Foundation under grant
DMS-1201924.
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to the one established by Huisken in the smooth case; however, we need to
include an extra term in order to ensure that the monotonicity holds across
surgery times. More precisely, if Mt is a mean curvature flow with surgery
in R3, we show that the quantity∫
Mt
1
4pi(t0 − t)
e
− |x−p|
2
4(t0−t)
− H
200H1
is monotone decreasing in t, as long as t0−t ≥
5
9 H
−2
1 . Here, H1 is a positive
constant which represents the so-called surgery scale; in other words, each
neck on which we perform surgery has radius between 12H1 and
1
H1
. A
similar monotonicity property holds for mean curvature flow with surgery
in a Riemannian three-manifold.
In Section 2, we establish a number of auxiliary results. These results
will be used in Section 3 to deduce a monotonicity formula for mean cur-
vature flow with surgery in R3. In Section 4, we extend the monotonicity
formula to solutions of mean curvature flow with surgery in Riemannian
three-manifolds.
2. Behavior of a Gaussian integral under a single surgery
Lemma 2.1. There exists a real number β > 0 with the following signifi-
cance. Suppose that Γ is a curve in R2 which is β-close to the unit circle in
the C1-norm. Moreover, suppose that ψ is a real-valued function defined on
Γ satisfying supΓ |ψ − 1| < β. Then∫
Γ
ψ e−
|x|2
4τ
+〈q,x〉
(10
11
−
|x|2
2τ
+ 〈q, x〉
)
≥ 0
for all τ ≥ 59 and all q ∈ R
2.
Proof. Let us fix a large constant Q with the property that
e
|q|
2
∫
Γ∩{〈q,x〉≥ |q|
2
}
ψ ≥ 16
∫
Γ∩{〈q,x〉≤0}
ψ
for all points q ∈ R2 satisfying |q| ≥ Q. This implies
e
|q|
2
∫
Γ∩{〈q,x〉≥ |q|
2
}
ψ e−
|x|2
4τ ≥ 4
∫
Γ∩{〈q,x〉≤0}
ψ e−
|x|2
4τ
for all τ ≥ 59 and all q ∈ R
2 satisfying |q| ≥ Q. From this, we deduce that∫
Γ∩{〈q,x〉≥
|q|
2
}
ψ e−
|x|2
4τ
+〈q,x〉 〈q, x〉 ≥
|q|
2
e
|q|
2
∫
Γ∩{〈q,x〉≥
|q|
2
}
ψ e−
|x|2
4τ
≥ 2 |q|
∫
Γ∩{〈q,x〉≤0}
ψ e−
|x|2
4τ
≥ −
∫
Γ∩{〈q,x〉≤0}
ψ e−
|x|2
4τ
+〈q,x〉 〈q, x〉
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for all τ ≥ 59 and all q ∈ R
2 satisfying |q| ≥ Q. Therefore, we obtain∫
Γ
ψ e−
|x|2
4τ
+〈q,x〉 〈q, x〉 ≥ 0,
hence ∫
Γ
ψ e−
|x|2
4τ
+〈q,x〉
(10
11
−
|x|2
2τ
+ 〈q, x〉
)
≥ 0
for all τ ≥ 59 and all q ∈ R
2 satisfying |q| ≥ Q. On the other hand, by
choosing β > 0 sufficiently small, we can arrange that∫
Γ
ψ e−
|x|2
4τ
+〈q,x〉
(10
11
−
|x|2
2τ
+ 〈q, x〉
)
≥ 0
for all τ ≥ 59 and all q ∈ R
2 satisfying |q| ≤ Q. This proves the assertion.
Lemma 2.2. Let β > 0 be chosen as in Lemma 2.1. Suppose that Γ is a
curve in R2 which is β-close to the unit circle in the C1-norm. Moreover,
suppose that ψ is a real-valued function defined on Γ satisfying supΓ |ψ−1| <
β. Then
ρ
10
11
∫
Γ
ψ e−
ρ2 |x|2
4τ
+ρ 〈q,x〉 ≤
∫
Γ
ψ e−
|x|2
4τ
+〈q,x〉
for all ρ ∈ (0, 1), all τ ≥ 59 , and all q ∈ R
2.
Proof. Let us fix a real number τ ≥ 59 and a point q ∈ R
2. Moreover, let
ρ ∈ (0, 1). Applying Lemma 2.1 with τ˜ = τ
ρ2
≥ 59 and q˜ = ρ q gives∫
Γ
ψ e−
ρ2 |x|2
4τ
+ρ 〈q,x〉
(10
11
−
ρ2 |x|2
2τ
+ ρ 〈q, x〉
)
≥ 0
for all ρ ∈ (0, 1). Therefore, we obtain
ρ
d
dρ
(∫
Γ
ψ e−
ρ2 |x|2
4τ
+ρ 〈q,x〉
)
=
∫
Γ
ψ e−
ρ2 |x|2
4τ
+ρ 〈q,x〉
(
−
ρ2 |x|2
2τ
+ ρ 〈q, x〉
)
≥ −
10
11
(∫
Γ
ψ e−
ρ2 |x|2
4τ
+ρ 〈q,x〉
)
for all ρ ∈ (0, 1). Consequently, the function
ρ 7→ ρ
10
11
∫
Γ
ψ e−
ρ2 |x|2
4τ
+ρ 〈q,x〉
is monotone increasing for ρ ∈ (0, 1). From this, the assertion follows.
In the remainder of this section, we consider an (αˆ, δˆ, ε, L)-neck N of size
1 (see [4] for the definition). It is understood that ε is much smaller than δˆ.
By definition, we can find a simple closed, convex curve Γ with the property
that distC20(N,Γ× [−L,L]) ≤ ε. Since distC20(N,Γ× [−L,L]) ≤ ε, we can
find a collection of curves Γs such that
{(γs(t), s) : s ∈ [−(L− 1), L − 1], t ∈ [0, 1]} ⊂ N
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and ∑
k+l≤20
∣∣∣ ∂k
∂sk
∂l
∂tl
(γs(t)− γ(t))
∣∣∣ ≤ O(ε).
Here, we have used the notation Γ = {γ(t) : t ∈ [0, 1]} and Γs = {γs(t) : t ∈
[0, 1]}.
As in [4], we may translate the neck N in space so that the center of mass
of Γ is at the origin. Using the curve shortening flow, we can construct a
homotopy γ˜r(t), (r, t) ∈ [0, 1] × [0, 1], with the following properties:
• γ˜r(t) = γ(t) for r ∈ [0,
1
4 ].
• γ˜r(t) = (cos(2pit), sin(2pit)) for r ∈ [
1
2 , 1].
• For each r ∈ [0, 1], the curve Γ˜r is
1
1+δˆ
-noncollapsed.
• We have sup(r,t)∈[0,1]×[0,1] |
∂
∂r γ˜r(t)| + |
∂2
∂r ∂t γ˜r(t)| + |
∂2
∂r2
γ˜r(t)| ≤ ω(δˆ),
where ω(δˆ)→ 0 as δˆ → 0.
Finally, we choose a smooth cutoff function χ : R → R such that χ = 1 on
(−∞, 1] and χ = 0 on [2,∞). We next define a surface F˜Λ : [−L,Λ]×[0, 1] →
R
3 by
F˜Λ(s, t) =


(γs(t), s) for s ∈ [−(L− 1), 0]
((1− e−
4Λ
s ) γs(t), s) for s ∈ (0,Λ
1
4 ]
((1− e−
4Λ
s ) (χ(s/Λ
1
4 ) γs(t) + (1− χ(s/Λ
1
4 )) γ(t)), s) for s ∈ (Λ
1
4 , 2Λ
1
4 ]
((1− e−
4Λ
s ) γ˜s/Λ(t), s) for s ∈ (2Λ
1
4 ,Λ].
It is clear that F˜Λ is smooth. Moreover, F˜Λ is axially symmetric for s ≥
Λ
2 .
As in [4], we may extend the immersion F˜Λ by gluing in an axially symmetric
cap. To do that, we fix a smooth, convex, even function Φ : R → R such
that Φ(z) = |z| for |z| ≥ 1100 . We then define
a = 1− e−4 +
1
3
(1− e−4)2 Λ−
1
4
and
vΛ(s) = 1− e
− 4Λ
s + a
√
Λ+ 2Λ
1
4 − s
a+ Λ+ 2Λ
1
4 − s
− Λ−
1
4 Φ
(
Λ
1
4
(
1− e−
4Λ
s − a
√
Λ + 2Λ
1
4 − s
a+ Λ+ 2Λ
1
4 − s
))
for s ∈ [Λ,Λ +Λ
1
4 ]. Moreover, we put
vΛ(s) = 2a
√
Λ+ 2Λ
1
4 − s
a+ Λ+ 2Λ
1
4 − s
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for s ∈ [Λ + Λ
1
4 ,Λ + 2Λ
1
4 ]. The axially symmetric cap is chosen so that its
cross section at height s ∈ [Λ,Λ + 2Λ
1
4 ] is a circle of radius 12 vΛ(s). The
resulting surface will be denoted by N˜ .
We first consider the region s ∈ (0,Λ
1
4 ].
Lemma 2.3. There exist positive real numbers δ∗ and Λ∗ with the following
significance. If δˆ < δ∗ and Λ > Λ∗, then we have∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H˜ 1
|∇N˜x3|
≤
∫
N∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H 1
|∇Nx3|
for all s ∈ (0,Λ
1
4 ], all r0 ∈ [
1
1000 , 1], all τ ≥
5
9 , and all (q1, q2) ∈ R
2.
Proof. For each s ∈ (0,Λ
1
4 ], the cross section N˜ ∩ {x3 = s} is obtained
by dilating the cross section N ∩ {x3 = s} by the factor ρ(s) := 1 − e
− 4Λ
s .
Moreover, we have the pointwise inequalities
|∇Nx3|
|∇N˜x3|
≤ 1 + C
Λ
x23
e
− 4Λ
x3
and
H˜ −H ≥ c
Λ2
x43
e
− 4Λ
x3
for x3 ∈ (0,Λ
1
4 ]. Hence, if we choose Λ sufficiently large, then we have
e−r0H˜
1
|∇N˜x3|
≤ e−r0H
1
|∇Nx3|
for x3 ∈ (0,Λ
1
4 ]. From this, we deduce that∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H˜ 1
|∇N˜x3|
≤ ρ(s)
∫
N∩{x3=s}
e−
ρ(s)2 (x21+x
2
2)
4τ
+ρ(s) (q1x1+q2x2)−r0H 1
|∇Nx3|
for s ∈ (0,Λ
1
4 ]. On the other hand, applying Lemma 2.2 with ψ = er0(1−H) 1
|∇Nx3|
gives
ρ(s)
10
11
∫
N∩{x3=s}
e−
ρ(s)2 (x21+x
2
2)
4τ
+ρ(s) (q1x1+q2x2)−r0H 1
|∇Nx3|
≤
∫
N∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H 1
|∇Nx3|
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for s ∈ (0,Λ
1
4 ]. Putting these facts together, we conclude that∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H˜ 1
|∇N˜x3|
≤ ρ(s)
1
11
∫
N∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H 1
|∇Nx3|
for s ∈ (0,Λ
1
4 ]. This proves the assertion.
We now consider the intermediate region s ∈ (Λ
1
4 , Λ4 ].
Lemma 2.4. We can find positive real numbers δ∗ and Λ∗, and a positive
function E∗(Λ) with the following property. If δˆ < δ∗, Λ > Λ∗, and ε <
E∗(Λ), then we have∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H˜ 1
|∇N˜x3|
≤
∫
N∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H 1
|∇Nx3|
for all s ∈ (Λ
1
4 , Λ4 ], all r0 ∈ [
1
1000 , 1], all τ ≥
5
9 , and all (q1, q2) ∈ R
2.
Proof. We first observe that the claim is true if
√
q21 + q
2
2 is sufficiently
large. More precisely, we can find positive real numbers δ∗ and Λ1, and
positive functions E1(Λ) and Q(Λ) with the following significance. If δˆ < δ∗,
Λ > Λ1, and ε < E1(Λ), then we have∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H˜ 1
|∇N˜x3|
≤
∫
N∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H 1
|∇Nx3|
whenever s ∈ (Λ
1
4 , Λ4 ], r0 ∈ [
1
1000 , 1], τ ≥
5
9 , and
√
q21 + q
2
2 > Q(Λ).
Therefore, it remains to consider the case
√
q21 + q
2
2 ≤ Q(Λ). For each
s ∈ (Λ
1
4 , Λ4 ], the cross section N˜ ∩ {x3 = s} is obtained by dilating the cross
section N ∩ {x3 = s} by the factor ρ(s) := 1 − e
− 4Λ
s , up to errors of order
O(ε). Moreover, we have the pointwise inequalities
|∇Nx3|
|∇N˜x3|
≤ 1 + C
( Λ
x23
e
− 4Λ
x3
)2
+ C ε ≤ 1 + C Λ−2 e
− 4Λ
x3 + C ε
and
H˜ −H ≥ 0
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for x3 ∈ (Λ
1
4 , Λ4 ]. Hence, we obtain∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H˜ 1
|∇N˜x3|
≤ (1 + C Λ−2 e−
4Λ
s +C(Λ) ε) ρ(s)
·
∫
N∩{x3=s}
e−
ρ(s)2 (x21+x
2
2)
4τ
+ρ(s) (q1x1+q2x2)−r0H 1
|∇Nx3|
whenever s ∈ (Λ
1
4 , Λ4 ], r0 ∈ [
1
1000 , 1], τ ≥
5
9 , and
√
q21 + q
2
2 ≤ Q(Λ). On the
other hand, using Lemma 2.2 with ψ = er0(1−H) 1
|∇Nx3|
gives
ρ(s)
10
11
∫
N∩{x3=s}
e−
ρ(s)2 (x21+x
2
2)
4τ
+ρ(s) (q1x1+q2x2)−r0H 1
|∇Nx3|
≤
∫
N∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H 1
|∇Nx3|
whenever s ∈ (Λ
1
4 , Λ4 ], r0 ∈ [
1
1000 , 1], and τ ≥
5
9 . Putting these facts together,
we obtain ∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H˜ 1
|∇N˜x3|
≤ (1 + C Λ−2 e−
4Λ
s + C(Λ) ε) ρ(s)
1
11
·
∫
N∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H 1
|∇Nx3|
whenever s ∈ (Λ
1
4 , Λ4 ], r0 ∈ [
1
1000 , 1], τ ≥
5
9 , and
√
q21 + q
2
2 ≤ Q(Λ). Clearly,
we can find a positive constant Λ2 and a positive function E2(Λ) such that
(1 + C Λ−2 e−
4Λ
s + C(Λ) ε) ρ(s)
1
11 ≤ 1
if Λ > Λ2 and ε < E2(Λ). Hence, if we put Λ∗ = max{Λ1,Λ2} and
E∗(Λ) = min{E1(Λ), E2(Λ)}, then the assertion follows.
In the next step, we consider the region s ∈ (Λ4 ,Λ + Λ
1
4 ].
Lemma 2.5. We can find positive real numbers δ∗ and Λ∗ with the following
property. If δˆ < δ∗ and Λ > Λ∗, then we have∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H˜ 1
|∇N˜x3|
≤
∫
N∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H 1
|∇Nx3|
for all s ∈ (Λ4 ,Λ +Λ
1
4 ], all r0 ∈ [
1
1000 , 1], all τ ≥
5
9 , and all (q1, q2) ∈ R
2.
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Proof. Again, the claim is true if
√
q21 + q
2
2 is sufficiently large. More
precisely, we can find positive real numbers δ1 and Λ1, and a positive con-
stant Q with the following significance. If δˆ < δ1 and Λ > Λ1, then we
have ∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H˜ 1
|∇N˜x3|
≤
∫
N∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H 1
|∇Nx3|
whenever s ∈ (Λ4 ,Λ +Λ
1
4 ], r0 ∈ [
1
1000 , 1], τ ≥
5
9 , and
√
q21 + q
2
2 > Q.
Hence, it remains to consider the case
√
q21 + q
2
2 ≤ Q. For each s ∈
(Λ4 ,Λ + Λ
1
4 ], the cross section N ∩ {x3 = s} is close to a circle of radius
1, whereas N˜ ∩ {x3 = s} is close to a circle of radius ρ(s) := 1 − e
− 4Λ
s .
Moreover, |∇Nx3| and |∇
N˜x3| are close to 1. By Lemma 2.2, we have∫
{x21+x
2
2=ρ(s)
2}
e−
x21+x
2
2
4τ
+q1x1+q2x2
≤ ρ(s)
1
11
∫
{x21+x
2
2=1}
e−
x21+x
2
2
4τ
+q1x1+q2x2
for all (q1, q2) ∈ R
2. Hence, we can find positive real numbers δ2 and Λ2
with the following property: if δˆ < δ2 and Λ > Λ2, then∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H˜ 1
|∇N˜x3|
≤
∫
N∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H 1
|∇Nx3|
whenever s ∈ (Λ4 ,Λ + Λ
1
4 ], r0 ∈ [
1
1000 , 1], τ ≥
5
9 , and
√
q21 + q
2
2 ≤ Q. There-
fore, if we put δ∗ = min{δ1, δ2} and Λ = max{Λ1,Λ2}, then the assertion
follows.
Finally, we consider the region s ∈ (Λ + Λ
1
4 ,Λ + 2Λ
1
4 ).
Lemma 2.6. There exist positive real numbers δ∗ and Λ∗ with the following
property. If δˆ < δ∗ and Λ > Λ∗, then we have∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H˜ 1
|∇N˜x3|
≤
∫
N∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H 1
|∇Nx3|
for all s ∈ (Λ+Λ
1
4 ,Λ+ 2Λ
1
4 ), all r0 ∈ [
1
1000 , 1], all τ ≥
5
9 , and all (q1, q2) ∈
R
2.
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Proof. For each s ∈ (Λ+Λ
1
4 ,Λ+ 2Λ
1
4 ), the cross section of N˜ at height
s is a circle of radius
ρ(s) = a
√
b− s
a+ b− s
,
where a = 1− e−4 + 13 (1− e
−4)2 Λ−
1
4 < 1 and b = Λ + 2Λ
1
4 . Note that
1
|∇N˜x3|
=
√
1 + ρ′(s)2
and
H˜ ≥
1
a
on the set N˜ ∩ {x3 = s}. Therefore,∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H˜ 1
|∇N˜x3|
≤
∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−
r0
a
1
|∇N˜x3|
= ρ(s)
√
1 + ρ′(s)2 e−
ρ(s)2
4τ
−
r0
a
∫
S1
eρ(s) (q1x1+q2x2)
= a
√
1−
a
a+ b− s
+
a4
4 (a + b− s)4
e
a2
4τ
a
a+b−s
− a
2
4τ
−
r0
a
·
∫
S1
e
a
√
b−s
a+b−s
(q1x1+q2x2)
for all τ ≥ 59 and all s ∈ (Λ+Λ
1
4 ,Λ+2Λ
1
4 ). Here, S1 denotes the unit circle
of radius 1. It is elementary to check that
1− z +
z4
4
≤ e−z,
hence √
1− z +
z4
4
e
z
2 ≤ 1
for all z ∈ [0, 1]. Consequently, we have√
1−
a
a+ b− s
+
a4
4 (a+ b− s)4
e
a2
4τ
a
a+b−s ≤ 1
for all τ ≥ 59 and s ∈ (Λ + Λ
1
4 ,Λ+ 2Λ
1
4 ). From this, we deduce that∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H˜ 1
|∇N˜x3|
≤ a e−
a2
4τ
−
r0
a
∫
S1
e
a
√
b−s
a+b−s
(q1x1+q2x2)
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for all τ ≥ 59 and s ∈ (Λ +Λ
1
4 ,Λ+ 2Λ
1
4 ). On the other hand, if the neck N
is sufficiently close to a cylinder of radius 1, then we have∫
S1
e
a
√
b−s
a+b−s
(q1x1+q2x2)
≤
∫
N∩{x3=s}
e
1−x21−x
2
2
4τ
+q1x1+q2x2+r0(
1
a
−H) 1
|∇Nx3|
for all s ∈ (Λ+Λ
1
4 ,Λ+2Λ
1
4 ), all r0 ∈ [
1
1000 , 1], all τ ≥
5
9 , and all (q1, q2) ∈ R
2.
Putting these facts together, we conclude that∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H˜ 1
|∇N˜x3|
≤ a e
1−a2
4τ
∫
N∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H 1
|∇Nx3|
for all s ∈ (Λ+Λ
1
4 ,Λ+2Λ
1
4 ), all r0 ∈ [
1
1000 , 1], all τ ≥
5
9 , and all (q1, q2) ∈ R
2.
Since a is close to 1−e−4 for Λ large, we have a e
1−a2
4τ ≤ a e
9(1−a2)
20 ≤ 1. From
this, the assertion follows.
Combining the previous results, we can draw the following conclusion:
Proposition 2.7. There exist real numbers δ∗ and Λ∗, and a function E∗(Λ)
with the following property. If δˆ < δ∗, Λ > Λ∗, and ε < E∗(Λ), then we have∫
N˜∩{0≤x3≤Λ+2Λ
1
4 }
e−
|x−p|2
4τ
−r0H˜ ≤
∫
N∩{0≤x3≤Λ+2Λ
1
4 }
e−
|x−p|2
4τ
−r0H
for all r0 ∈ [
1
1000 , 1], all τ ≥
5
9 , and all p ∈ R
3.
Proof. In view of Lemma 2.3, Lemma 2.4, Lemma 2.5, and Lemma 2.6,
we can find positive real numbers δ∗, and Λ∗, and a positive function E∗(Λ)
with the following property. If δˆ < δ∗, Λ > Λ∗, and ε < E∗(Λ), then we have∫
N˜∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H˜ 1
|∇N˜x3|
≤
∫
N∩{x3=s}
e−
x21+x
2
2
4τ
+q1x1+q2x2−r0H 1
|∇Nx3|
for all s ∈ (0,Λ + 2Λ
1
4 ), all r0 ∈ [
1
1000 , 1], all τ ≥
5
9 , and all (q1, q2) ∈ R
2.
This implies ∫
N˜∩{x3=s}
e−
|x−p|2
4τ
−r0H˜ 1
|∇N˜x3|
≤
∫
N∩{x3=s}
e−
|x−p|2
4τ
−r0H 1
|∇Nx3|
for all s ∈ (0,Λ + 2Λ
1
4 ), all r0 ∈ [
1
1000 , 1], all τ ≥
5
9 , and all p ∈ R
3. If we
integrate over s and apply the co-area formula, the assertion follows.
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3. A monotonicity formula for mean curvature flow with
surgery in R3
Proposition 3.1. Let Mt be a family of mean convex surfaces in R
3 which
evolve under smooth mean curvature flow. For each r0 > 0, the function∫
Mt
1
4pi(t0 − t)
e
−
|x−p|2
4(t0−t)
−r0H
is monotone decreasing for t0 − t > 0.
Proof. We compute( ∂
∂t
−∆
)
e−r0H = −r0 e
−r0H
( ∂
∂t
−∆
)
H − r20 e
−r0H |∇H|2
= −r0 e
−r0H |A|2H − r20 e
−r0H |∇H|2 ≤ 0.
Hence, the assertion follows from Ecker’s weighted monotonicity formula
(see Theorem 4.13 in [7]).
We next consider a mean curvature flow with surgery in R3. We assume
that each surgery procedure involves performing Λ-surgery on an (αˆ, δˆ, ε, L)-
neck of size r ∈ [ 12H1 ,
1
H1
] (see [4] for definitions).
Theorem 3.2. Let δ∗, Λ∗, and E∗(Λ) be defined as in Proposition 2.7.
Moreover, suppose that Mt is a mean curvature flow with surgery, and that
the surgery parameters satisfy δˆ < δ∗, Λ > Λ∗, and ε < E∗(Λ). Then the
function ∫
Mt
1
4pi(t0 − t)
e
−
|x−p|2
4(t0−t)
− H
200H1
is monotone decreasing for t0 − t ≥
5
9 H
−2
1 .
Proof. Proposition 3.1 guarantees that the monotonicity formula holds
in between surgery times. Moreover, it follows from Proposition 2.7 that
the monotonicity property holds across surgery times.
Theorem 3.2 allows us to draw the following conclusion:
Corollary 3.3. We can find positive real numbers δ∗, Λ∗, L, and a positive
function E∗(Λ) with the following property. Suppose that Mt is a mean
curvature flow with surgery, and that the surgery parameters satisfy δˆ < δ∗,
Λ > Λ∗, and ε < E∗(Λ). Finally, suppose that Mt0− contains an (αˆ, δˆ, ε, L)-
neck of size r ∈ [ 12H1 ,
1
H1
], and p is a point in ambient space which lies on
the axis of that neck. Then∫
M
t0+
5
9 H
−2
1
−τ
1
4piτ
e−
|x−p|2
4τ ≥ 1.01
for all τ ≥ 59 H
−2
1 .
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Proof. It is elementary to check that
inf
r∈[ 1
2H1
, 1
H1
]
H1 r e
−
9H21 r
2
20
− 1
200H1 r =
1
2
e−
49
400 .
Hence, on an exact cylinder S1(r)×R, we have∫
S1(r)×R
9H21
20pi
e
−
9H21 |x|
2
20
− H
200H1 =
√
9pi
5
H1 r e
−
9H21 r
2
20
− 1
200H1 r
≥
√
9pi
20
e−
49
400
≥ 1.02
for all r ∈ [ 12H1 ,
1
H1
]. By assumption, the surfaceMt0− contains a neck of size
r ∈ [ 12H1 ,
1
H1
], and p lies on the axis of that neck. Hence, if L is sufficiently
large, then we obtain∫
Mt0−
9H21
20pi
e
−
9H21 |x−p|
2
20
− H
200H1 ≥ 1.01.
Using Theorem 3.2, we obtain∫
M
t0+
5
9 H
−2
1
−τ
1
4piτ
e−
|x−p|2
4τ
≥
∫
M
t0+
5
9 H
−2
1
−τ
1
4piτ
e
− |x−p|
2
4τ
− H
200H1
≥
∫
Mt0−
9H21
20pi
e
−
9H21 |x−p|
2
20
− H
200H1
≥ 1.01
provided that τ ≥ 59 H
−2
1 and L is sufficiently large.
Theorem 3.4. Fix an open interval I and a compact interval J ⊂ I. Sup-
pose that M¯ is an embedded smooth solution of mean curvature flow which
is defined for t ∈ I. Moreover, suppose that M(j) is a sequence of mean
curvature flows with surgery, each of which is defined for t ∈ I. We as-
sume that each surgery of the flow M(j) involves performing Λ-surgery on
an (αˆ, δˆ, ε, L)-neck of size r ∈ [ 1
2H
(j)
1
, 1
H
(j)
1
], where H
(j)
1 → ∞. We assume
further that the surgery parameters satisfy δˆ < δ∗, Λ > Λ∗, and ε < E∗(Λ).
Finally, we assume that the flows M(j) converge to M¯ in the sense of geo-
metric measure theory. Then, if j is sufficiently large, the flow M(j) is free
of surgeries for all t ∈ J . Furthermore, the flows M(j) converge smoothly
to M¯ as j →∞.
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Proof. We first show that, for j sufficiently large, the flow M(j) is free
of surgeries for all t ∈ J . Suppose that each flow M(j) has at least one
surgery time tj ∈ J . For each j, we can find an (αˆ, δˆ, ε, L)-neck in M
(j)
tj−
of
size rj ∈ [
1
2H
(j)
1
, 1
H
(j)
1
]. Let pj be a point in ambient space which lies on the
axis of that neck. Using Corollary 3.3, we obtain∫
M
(j)
tj+
5
9 (H
(j)
1
)−2−τ
1
4piτ
e−
|x−pj |
2
4τ ≥ 1.01
for all τ ≥ 59 (H
(j)
1 )
−2. We now pass to the limit as j → ∞. If we define
t¯ = limj→∞ tj ∈ J and p¯ = limj→∞ pj , then we obtain∫
M¯t¯−τ
1
4piτ
e−
|x−p¯|2
4τ ≥ 1.01
for each τ ∈ (0, inf J − inf I). On the other hand, since M¯ is smooth, we
have ∫
M¯t¯−τ
1
4piτ
e−
|x−p¯|2
4τ → 1
as τ → 0. This is a contradiction. Therefore, the flow M(j) is free of surg-
eries for t ∈ J . Using standard local regularity theorems for mean curvature
flow (cf. [1],[18]), we conclude that the flows M(j) converge smoothly to M¯
as j →∞.
4. Adaptation to the Riemannian setting
Let Mt be a mean convex solution of mean curvature flow in a compact
Riemannian three-manifold X. Let us fix a time t0 and point p in ambient
space. Let ϕ be a smooth cutoff on X such that ϕ(x) = 1 for d(p, x) ≤
1
4 inj(X) and ϕ(x) = 0 for d(p, x) ≥
1
2 inj(X). Moreover, we put
Φ(x, t) =
1
4pi(t0 − t)
e
− d(p,x)
2
4(t0−t) ϕ(x)2
for t0 − t > 0.
Proposition 4.1. Let K be a positive constant with the property that the
ambient three-manifold X has Ricci curvature is at least −K. Then we have
d
dt
(∫
Mt
Φ exp
(
(t0 − t)
1
2 − r0 e
−K (t0−t)H
))
≤ C |Mt|
whenever t0− t ∈ (0, 1]. The constant C depends only on the ambient three-
manifold X.
Proof. In the following, we assume that t0 − t ∈ (0, 1]. In the region
d(p, x) ≤ 14 inj(X), we have( ∂
∂t
+∆−H2
)
Φ ≤ −
(
H +
D¯νΦ
Φ
)2
Φ+ C
d(p, x)2
t0 − t
Φ.
14 SIMON BRENDLE
This implies ( ∂
∂t
+∆−H2
)
Φ ≤ C
d(p, x)2
t0 − t
Φ,
hence ( ∂
∂t
+∆−H2
)(
Φ exp
(
(t0 − t)
1
2
))
≤
(
C
d(p, x)2
t0 − t
−
1
2 (t0 − t)
1
2
)
Φ exp
(
(t0 − t)
1
2
)
≤ C
for d(p, x) ≤ 14 inj(X). Moreover, in the region
1
4 inj(X) ≤ d(p, x) ≤
1
2 inj(X),
we have ( ∂
∂t
+∆−H2
)
Φ ≤ −
(
H +
D¯νΦ
Φ
)2
Φ+C.
This gives ( ∂
∂t
+∆−H2
)(
Φ exp
(
(t0 − t)
1
2
))
≤ C
for 14 inj(X) ≤ d(p, x) ≤
1
2 inj(X). To summarize, we have shown that( ∂
∂t
+∆−H2
)(
Φ exp
(
(t0 − t)
1
2
))
≤ C
at each point in Mt. Since the Ricci curvature of X is bounded from below
by −K, we have( ∂
∂t
−∆
)
(e−K(t0−t)H) ≥ e−K(t0−t) |A|2H ≥ 0,
hence ( ∂
∂t
−∆
)
exp
(
− r0 e
−K(t0−t)H
)
= − exp
(
− r0 e
−K(t0−t)H
) ( ∂
∂t
−∆
)
(r0 e
−K(t0−t)H)
− exp
(
− r0 e
−K(t0−t)H
)
|∇(r0 e
−K(t0−t)H)|2
≤ 0.
Putting these facts together, we obtain
d
dt
(∫
Mt
Φ exp
(
(t0 − t)
1
2 − r0 e
−K(t0−t)H
))
≤ C
∫
Mt
exp
(
− r0 e
−K(t0−t)H
)
≤ C |Mt|,
provided that t0 − t ∈ (0, 1]. This completes the proof.
We now consider mean curvature flow with surgery in a Riemannian man-
ifold. We begin with a definition.
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Definition 4.2. LetM be a closed surface in a Riemannian three-manifold,
and let N be a region in M . We say that N is an (αˆ, δˆ, ε, L)-neck of size r
if there exists a point o ∈ N with the property that the surface exp−1o (N) is
an (αˆ, δˆ, ε, L)-neck of size r in Euclidean space (see [4] for the definition).
We next explain how to do on a neck in Riemannian three-manifold.
Namely, if o lies at the center of an (αˆ, δˆ, ε, L)-neck N in X, then exp−1o (N)
is an (αˆ, δˆ, ε, L)-neck in Euclidean space. Hence, we can perform the surgery
procedure described in [4] on exp−1o (N). We then paste the surgically mod-
ified surface back into X using the exponential map expo.
In the next step, we analyze how the quantity in Proposition 4.1 changes
under a single surgery. To that end, it will be convenient to work in geodesic
normal coordinates around o; that is, we will identify a point in ToN = R
3
with its image under the exponential map expo. With this identification,
we can view N as an (αˆ, δˆ, ε, L)-neck in R3. Without loss of generality, we
may assume that the axis of the neck N is parallel to the x3-axis. Note
that the origin lies on N , so the axis of the neck does not pass through the
origin. Finally, we denote by N˜ the surface obtained from N by performing
a Λ-surgery on N .
Proposition 4.3. Suppose that the surgery parameters δˆ, Λ, and ε satisfy
δˆ < δ∗, Λ > Λ∗, and ε < E∗(Λ), where δ∗, Λ∗, and E∗ are defined as in
Proposition 2.7. Moreover, let N be an (αˆ, δˆ, ε, L)-neck N of size r in X,
and let N˜ denote the surgically modified surface. Then∫
N˜∩{0≤x3≤Λ+2Λ
1
4 }
e−
d(p,x)2
4τ
−r0 e−Kτ H˜ dµ
≤
∫
N∩{0≤x3≤Λ+2Λ
1
4 }
e−
d(p,x)2
4τ
−r0 e−Kτ H dµ + C(Λ) τ r2
provided that d(o, p) ≤ 18 inj(X),
1
K ≥ τ ≥
5
9 r
2 and r0 ∈ [
1
300 r, r].
Proof. It follows from Proposition 2.7 that∫
N˜∩{0≤x3≤Λ+2Λ
1
4 }
e−
|x−p|2
4τ
−r0 e−Kτ H˜eucl dµeucl
≤
∫
N∩{0≤x3≤Λ+2Λ
1
4 }
e−
|x−p|2
4τ
−r0 e−Kτ Heucl dµeucl
provided that τ ≥ 59 r
2 and r0 ∈ [
1
300 r, r]. Here, |x−p| denotes the Euclidean
distance of x and p in geodesic normal coordinates around o; Heucl and
H˜eucl denote the mean curvatures of N and N˜ with respect to the Euclidean
metric; and dµeucl denotes the area form with respect to the Euclidean metric
on R3.
In the next step, we compare the Riemannian distance d(p, x) to the
Euclidean distance |x− p|. To that end, we perform a Taylor expansion of
the function x 7→ 12 d(p, x)
2 around the origin o. The value of this function at
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o is given by 12 |p|
2. Its gradient at o equals −p. Moreover, the Hessian of the
function x 7→ 12 d(p, x)
2 at o equals g+O(|p|2). Finally, the third derivatives
of the function x 7→ 12 d(p, x)
2 at o are bounded by O(|p|). Putting these
facts together, we obtain
1
2
d(p, x)2 =
1
2
|p|2 − 〈p, x〉+
1
2
|x|2 +O(|p|2 |x|2 + |p| |x|3 + |x|4).
In other words,
1
2
d(p, x)2 =
1
2
|x− p|2 +O((|p|2 + |x|2) |x|2).
If x ∈ (N ∪ N˜) ∩ {0 ≤ x3 ≤ Λ + 2Λ
1
4}, then we have |x|2 ≤ C(Λ) r2, hence
|x|2 ≤ C(Λ) τ . This implies∣∣∣d(p, x)2
4τ
−
|x− p|2
4τ
∣∣∣ ≤ C(Λ) (|p|2 + τ)
for all points x ∈ (N ∪ N˜) ∩ {0 ≤ x3 ≤ Λ+ 2Λ
1
4 }. Consequently, we have
e−
|x−p|2
4τ ≤ (1 + C(Λ) (|p|2 + τ)) e−
d(p,x)2
4τ
for all points x ∈ N ∩ {0 ≤ x3 ≤ Λ + 2Λ
1
4}. Since |H −Heucl| ≤ C(Λ) r for
all points x ∈ N ∩ {0 ≤ x3 ≤ Λ+ 2Λ
1
4}, it follows that
e−
|x−p|2
4τ
−r0 e−Kτ Heucl ≤ (1 + C(Λ) (|p|2 + τ)) e−
d(p,x)2
4τ
−r0 e−Kτ H
for all points x ∈ N ∩ {0 ≤ x3 ≤ Λ+ 2Λ
1
4}. Thus,∫
N∩{0≤x3≤Λ+2Λ
1
4 }
e−
|x−p|2
4τ
−r0 e−Kτ Heucl dµeucl
≤ (1 + C(Λ) (|p|2 + τ))
∫
N∩{0≤x3≤Λ+2Λ
1
4 }
e−
d(p,x)2
4τ
−r0 e−Kτ H dµ.
Similarly, we have
e−
d(p,x)2
4τ ≤ (1 + C(Λ) (|p|2 + τ)) e−
|x−p|2
4τ
for all points x ∈ N˜ ∩ {0 ≤ x3 ≤ Λ + 2Λ
1
4}. Since |H˜ − H˜eucl| ≤ C(Λ) r for
all points x ∈ N˜ ∩ {0 ≤ x3 ≤ Λ+ 2Λ
1
4}, it follows that
e−
d(p,x)2
4τ
−r0 e−Kτ H˜ ≤ (1 + C(Λ) (|p|2 + τ)) e−
|x−p|2
4τ
−r0 e−Kτ H˜eucl
for all points x ∈ N˜ ∩ {0 ≤ x3 ≤ Λ+ 2Λ
1
4}. This gives∫
N˜∩{0≤x3≤Λ+2Λ
1
4 }
e−
d(p,x)2
4τ
−r0 e−Kτ H˜ dµ
≤ (1 + C(Λ) (|p|2 + τ))
∫
N˜∩{0≤x3≤Λ+2Λ
1
4 }
e−
|x−p|2
4τ
−r0 e−Kτ H˜eucl dµeucl.
MEAN CURVATURE FLOW WITH SURGERY 17
Putting these facts together, we conclude that∫
N˜∩{0≤x3≤Λ+2Λ
1
4 }
e−
d(p,x)2
4τ
−r0 e−Kτ H˜ dµ
≤ (1 + C(Λ) (|p|2 + τ))
∫
N∩{0≤x3≤Λ+2Λ
1
4 }
e−
d(p,x)2
4τ
−r0 e−Kτ H dµ.
Finally, we have the pointwise estimate (|p|2 + τ) e−
d(p,x)2
4τ ≤ C(Λ) τ at each
point on N ∩ {0 ≤ x3 ≤ Λ+ 2Λ
1
4}. Therefore, we obtain
(|p|2 + τ)
∫
N∩{0≤x3≤Λ+2Λ
1
4 }
e−
d(p,x)2
4τ
−r0 e−Kτ H dµ ≤ C(Λ) τ r2,
hence ∫
N˜∩{0≤x3≤Λ+2Λ
1
4 }
e−
d(p,x)2
4τ
−r0 e−Kτ H˜ dµ
≤
∫
N∩{0≤x3≤Λ+2Λ
1
4 }
e−
d(p,x)2
4τ
−r0 e−Kτ H dµ+ C(Λ) τ r2.
This proves the assertion.
Combining Proposition 4.1 and Proposition 4.3, we arrive at the following
conclusion:
Theorem 4.4. LetMt be a mean curvature flow with surgery in a Riemann-
ian three-manifold X. Suppose that the surgery parameters satisfy δˆ < δ∗,
Λ > Λ∗, and ε < E∗(Λ), where δ∗, Λ∗, and E∗(Λ) are defined as in Propo-
sition 2.7. Then∫
Mtˆ
Φ exp
(
(t0 − tˆ)
1
2 −
e−K(t0−tˆ)H
200H1
)
dµ
≤
∫
Mt˜
Φ exp
(
(t0 − t˜)
1
2 −
e−K(t0−t˜)H
200H1
)
dµ
+ C |Mt˜| (t0 − t˜) + C(Λ)L
−1 |Mt˜|,
provided that 1K ≥ t0 − t˜ ≥ t0 − tˆ ≥
5
9 H
−2
1 .
Note that the error term C(Λ)L−1 |Mt˜| can be made arbitrarily small by
choosing L very large (depending on Λ).
Proof. By Proposition 4.1, the quantity∫
Mt
Φ exp
(
(t0 − t)
1
2 −
e−K(t0−t)H
200H1
)
dµ
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increases at a rate of at most C |Mt| in between surgery times. Moreover,
Proposition 4.3 implies that, during each surgery, the quantity∫
Mt
Φ exp
(
(t0 − t)
1
2 −
e−K(t0−t)H
200H1
)
dµ
increases by at most C(Λ)H−21 , provided that
1
K ≥ t0 − t ≥
5
9 H
−2
1 . On
the other hand, the surface area decreases by at least 110 LH
−2
1 during each
surgery. Hence, there are at most C L−1H21 |Mt˜| surgeries after time t˜. Con-
sequently, the quantity considered above increases by at most C |Mt˜| (t0 −
t˜) + C(Λ)L−1 |Mt˜| between time t˜ and time tˆ.
As a consequence of Theorem 4.4, we obtain an analogue of Theorem 3.4
in the Riemannian setting.
Theorem 4.5. Fix an open interval I and a compact interval J ⊂ I. More-
over, suppose that M¯ is an embedded smooth solution of mean curvature
flow in a Riemannian three-manifold which is defined for t ∈ I. Moreover,
suppose that M(j) is a sequence of mean curvature flows with surgery in the
same Riemannian three-manifold, each of which is defined for t ∈ I. We
assume that each surgery of the flow M(j) involves performing Λ-surgery on
an (αˆ, δˆ, ε, L)-neck of size r ∈ [ 1
2H
(j)
1
, 1
H
(j)
1
], where H
(j)
1 → ∞. We assume
further that the surgery parameters satisfy δˆ < δ∗, Λ > Λ∗, ε < E∗(Λ),
and that L is chosen sufficiently large depending on Λ. Finally, we assume
that the flows M(j) converge to M¯ in the sense of geometric measure theory.
Then, if j is sufficiently large, the flow M(j) is free of surgeries for all t ∈ J .
Furthermore, the flows M(j) converge smoothly to M¯ as j →∞.
By combining Theorem 4.5 with results of Brian White [16],[17], we are
able to characterize the longtime behavior of mean curvature flow with
surgery in Riemannian three-manifolds. This is discussed in [5].
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